A multi-scale perturbative approach to S'f/(2)-Higgs classical dynamics: 
stability of nonlinear plane waves and bounds of the Higgs field mass 
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We study the classical dynamics of S'(7(2)-Higgs field theory using multiple scale perturbation 
theory. In the spontaneously broken phase, assuming small perturbations of the Higgs field around 
its vacuum expectation value, we derive a nonlinear Schrodinger equation and study the stability of 
its nonlinear plane wave solutions. The latter, turn out to be stable only if the Higgs amplitude is an 
order of magnitude smaller than that of the gauge field. In this case, the Higgs field mass possesses 
some bounds which may be relevant to the search for the Higgs particle at ongoing experiments. 
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Introduction. One of the main goals of the current 
collider experiments (Large Hadron Collider (LHC) at 
CERN, Tevatron at Fermilab) is the detection of the 
Higgs particle [J, the missing piece in the experimental 
verification of the Standard Model [2]. Existing bounds 
on the properties of the Higgs particle originate exclu- 
sively from quantum corrections of the Standard Model 
or its extensions (see Ref. 0] and references therein). 
This implies a different treatment of the Higgs field as 
compared to the electroweak gauge fields since, for the 
latter, a rough estimation of their properties is obtained 
already at the classical (Born) level. The reason for this 
discrimination is the fact that the weak boson mass is de- 
termined only from the vacuum expectation value (vev) 
of the Higgs field, vsfhile the Higgs mass depends explicitly 
also on the unknown coupling constant determining its 
self- interaction. In fact, the self- interaction corresponds 
to the presence of nonlinear terms in the Higgs poten- 
tial. Usually, the nonlinear terms in the 5f7(2)-Higgs 
Lagrangian are treated as perturbation of an underly- 
ing linear theory allowing, this way, the straightforward 
canonical quantization of the electroweak theory. From 
the classical point of view, however, this treatment is in- 
sufficient. The reason is that such a perturbation scheme 
usually develops instabilities due to the emergence of sec- 
ular terms at higher orders (see, e.g., Ref. Q). 

In the present work we study the stability of plane 
waves in the presence of the nonlinear terms in the 
S'?7(2)-Higgs model - a problem that, to the best of our 
knowledge, has not been addressed so far in the litera- 
ture. There is strong motivation in performing such a 
study. Generally, classical solutions may describe suffi- 
ciently the effective dynamics of nonlinear quantum fields 
since, in this case, energy can be transferred from high 
frequency modes to long-wavelength excitations. In par- 
ticular, they are important for the description of con- 
densates, as indicated by an analogous treatment for the 
dynamics of the QCD chiral condensate in terms of clas- 
sical pion fields b\ . Finally, stability is a prerequisite for 
using classical solutions as a basis for the quantization of 
a classical field theory. 



In our approach the classical equations of the SU (2)- 
Higgs model are solved approximately, using multiple 
scale perturbation theory [j] to handle the nonlinear 
terms. This technique employs slow temporal and spatial 
scales to reduce the original nonlinear system to a simpler 
one, thus allowing the understanding of gross features of 
the original problem and enabling the consistent treat- 
ment of the secular terms. We note in passing that such 
perturbative methods are commonly used in a variety of 
physical contexts, ranging from water waves to nonlinear 
optics, condensed-matter physics, etc. In our case, as- 
suming small perturbations of the Higgs field around its 
vev, we derive a set of coupled nonlinear equations for 
the evolution of the Higgs and the gauge boson fields. If 
the Higgs field amplitude is much smaller compared to 
the gauge boson field, these equations decouple and obey 
a nonlinear Schrodinger (NLS) equation. The latter, pos- 
sesses nonlinear plane wave (among other, soliton-type) 
solutioris, which have been already discussed in litera- 
ture Here, we will focus on the stability properties 
of these solutions and show that the stability condition 
for the nonlinear plane waves leads to restrictions in the 
values of the ratio of the Higgs to the gauge boson field 
mass. 

Formulation and Setup. In our treatment we neglect 
the mixing with the electromagnetic U{\) gauge field 
since it does not couple directly to the Higgs field. As 
a consequence, the mass of the three components of the 
SU{2) field is taken to be the same. We also do not con- 
sider here the fermionic sector. The S't7(2)-Higgs field 
dynamics is described by the Lagrangian: 



+ {D,,4>)\D^^<t>) - V^($t$), (1) 



where F^^ is the SU(2) field strength tensor, = 9^ -|- 
igA^^ is the associated covariant derivative, cr° are the 
Paufi matrices, l/($t$) = /i2$t$ + A($t$)2 ^ q-, 
the Higgs self-interaction potential and summation over 
repeated indices is implied. In the broken phase, /i^ < 
0, a vev of the Higgs field arises classically with 

= — /i^/A. We focus on the dynamics of this system 
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assuming that the Higgs field fluctuates slightly around 
its vev. In this case, we perform the standard gauge 

selection and we expand $ as: $ = "71 ^ '^-') 
obtaining the following equations of motion for the fields 



Al and H: 
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^ )A'l-d,{d,A'^n + ^HAl + '-H'A^ 



+9eabc[{d^A^nAl - {d,A'>nA 
-g'^lA^AlA''^" - AlAlA''^"] = ( 
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AlA'^'^'iv + H) =0. 



(2) 



(3) 



The above equations, due to the presence of a small fluc- 
tuating field H, suggest the use of a perturbation method 
with a small parameter e related to the ratio of the ampli- 
tude of the Higgs field to its vev. Here, we will employ the 
method of multiple scales thus expanding the fields, 
variables and operators in Eqs. (HI -([21) hi powers of e as 
follows: 

Al = Al{Q) + eAl{l) + e'Al{2) + ... 



H 

d 



H{0) + eHil) + e^H{2) 



i=0 



(4) 



where j = 0,1,... in A'^{j) and H{j) denotes the or- 
der of approximation. Within this perturbative scheme, 
Eq. ([3]) implies - for reasons of self-consistency and sta- 
bility - that the fields A" and H should be expanded 
around the stable minimum, A^(0) — H{0) — 0, of 
Eqs. dS])-©. Generally, the dynamics of the gauge fields, 
without Higgs, are chaotic [1, However, there exist 
configurations which admit regular solutions. For exam- 
ple, such a typical configuration is obtained through the 
color isotropic "hedgehog" ansatz Aq — and Af — S'^A 
0, In particular, such an ansatz allows the map- 

ping of the gauge field theory to the scalar (p'^ theory 
Here we will use a less restrictive representation 
of the gauge field, assuming that the non-diagonal terms 
are of higher-order than the diagonal terms. Further- 
more, for consistency reasons implied by the structure of 
the equations of motion, we have to choose the temporal 
components of the gauge fields Aq to be an order of mag- 
nitude larger than the other non-diagonal terms. Thus, 
the gauge fields can be expressed as follows: 

AlAlAl^A^Oie), Aj, A^, Ajj = ©(e^) 
AlAl,Al,AlAlAl^O{en, '^>3. (5) 

The above ansatz, combined with a suitable choice for 
the Higgs field (which will be discussed below), leads to 
the decoupling of the equations of motion up to the order 
O(e^). 

In addition, the Lorentz condition = is ful- 

filled up to the same order, 0{e^). For the Higgs field 



we will consider two scenarios. The straightforward case 
H{1) ^0 leads to a set of coupled nonlinear partial differ- 
ential equations (PDEs) of the NLS form for which, how- 
ever, the nonlinear plane wave solutions are unstable for 
all the values of the relevant parameters. The details of 
this analysis are shown in the Appendix. In the following, 
we will focus on the scenario where H{1) = 0,H{2) ^ 0: 
in this case, we show that nonlinear plane waves, both 
for the gauge and the Higgs field, are stable if the mass 
parameter of the Higgs field is suitably bounded. 

The NLS equation for the SU(2) gauge boson. Using 
the assumptions ([SJ the evolution equations (|2l3p for the 
gauge and Higgs fields, containing all contributions up to 
0{e^), are simplified as follows: 



(□ + m\)A + "^HA + 2g''A' = O(e^), 
{U + m],)H+-^vg^A^ ^0{e^), 



(6) 
(7) 



where 



2 2 

5 w 



2\v\ 



Notice that we obtain a single equation for the gauge 
fields due to the choice ([5]) as well as the equality of 
the A\ components. Equation ^ leads, to 0(e), to the 
following solution for the gauge field A: 



A{1) = /e 



— irriAt 



C.C. 



(8) 



where "c.c." denotes complex conjugate and the function 
/ = /(xi, ■■•) is obtained from the secular terms of 
Eq. ([6]) at O(e^). At the same order, Eq. ([7]) determines 
the Higgs field: 



H{l) = B[b\f\^ + fe 



— 2imAt 



+ {rye 



*\2 2i7nAt'\ 



(9) 



where 6 — 2{m^ — Am\) / m'jj and B ~ —Gm^/bvirij^. 
The function / is determined from Eq. ^ at the order 
0{e^), which leads to the following NLS equation: 

with s ~ —2g^CS + a)/(2m/i). The parameter a = 
{l/A)vB{b + 1), which depends only on the ratio q = 
niH/mA, is given by: 



a{q) 
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q- 



(11) 



The solutions of the NLS Eq. (fTO| . as well as their sta- 
bility, can now be used to investigate, at the classical 
level, the effect of nonlinearity on the properties of the 
Higgs particle. In that regard, first we note that the 
properties of the solutions of the NLS model depend on 
the relative sign of the coefficients of the kinetic and 
nonlinear terms in Eq. (1101) . In the case s < 0, plane 
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wave solutions of the NLS Eq. (ITOl) are stable (see be- 
low). Furthermore, stable localized nonlinear excitations 
on top of these plane waves are possible too: these in- 
clude dark solitons (i.e., density dips with a phase j ump 
across their density minima) in one-dimension (ID) |12| . 
vortices in two-dimensions (2D) jl3i | and vortex rings in 
three-dimensions (3D) [T^. On the other hand, if s > 0, 
the plane wave solutions of the NLS Eq. pH)) are un- 
stable, while stable localized solutions exist only in ID: 
these solutions are non-topological solitons (also known 
as "bright solitons" ) in the form of localized humps with 
vanishing conditions at infinity. Nevertheless, in higher- 
dimensions, all localized structures are subject to collapse 
- see, e.g., From the above comments it turns out 

that, within this setup, there are no stable and localized 
classical solutions in 3D which can be interpreted - in an 
obvious way - as the elementary Higgs particle. 

In the following, we focus on the plane wave solutions 
of Eq. ([TU]) and their stability. As stated above, these 
solutions are particularly important for the effective de- 
scription of the spontaneously broken vacuum and exci- 
tations on top of it, or in their use as a basis for the 
quantization of the theory. 

Stability constraints and the Higgs mass. 

The NLS Eq. (fTU)) possesses exact analytical plane 
wave solutions of the form: 



/(fi,t2) = /oexp[-z(a;i2 - k ■ xi)], 



(12) 



where /o is the amplitude of the plane wave for the gauge 
field, while its frequency w and the wave vector k satisfy 
the following dispersion relation: 



L0{k) 



2mA 



-s|/o| 



(13) 



The solutions (|12p resemble the plane wave solutions usu- 
ally employed for the quantization of the SU(2)-Higgs 
theory, but they feature a modified dispersion relation, cf. 
Eq. (I13p . involving an amplitude-dependent mass correc- 
tion. This correction originates from the self-interaction, 
as well as the interaction between the gauge and the 
Higgs fields, and has, in principle, a similar effect as the 
quantum self-energy correction. Similar solutions have 
been found in Ref. 7] for the pure SU(2) model in the 
vanishing "Poynting" vector frame of reference. 

The stability of the nonlinear plane waves (|12p can 
be studied by considering small-amplitude perturbations 
which, for a static background (A; = 0), assume the form: 

&f = (u + iv) cxp[-i((ri + w)<2 - Qxi)] (14) 

In Eq. (I14p . u and v denote the (real) amplitudes, while 
fi, Q the frequency and wave vector of the perturbation, 
respectively [ITj; then, it is straightforward to find from 
Eq. ((TU]) that Vt and Q satisfy the dispersion relation: 



2m/ 



-2si/or 



Hence, the solution (|12l) is stable, i.e., is real for all 
IQI, only if s < 0, i.e., if the parameter a obeys: 



3 + a{q) > 0. 



(16) 



2mA 



(15) 



The above inequality determines the permitted regions 
for the ratio q - thus restricting mn for given ~ so 
that plane waves of the gauge field are stable. Thus, 
although the Born approximation of the usual perturba- 
tion theory (which neglects all nonlinear terms for small 
coupling) does not imply any information concerning the 
properties of the Higgs field, in the framework of multi- 
scale analysis we obtain restrictions for the Higgs mass 
originating from stability conditions. 

Interestingly enough, we will now show that these re- 
strictions do not exclude the region, which turns out to 
be the most probable for the Higgs mass based on the 
recent experimental observations. Particularly, utilizing 
the Standard Model value: = 80 GeV we find that 
mn fulfils the condition: 

56 GeV <mH < 160 GeV or mn > 165 GeV. (17) 

The region of very low Higgs masses {mn < 114.5 GeV) 
is practically excluded from existing experimental data 
(LEP II [13). In addition, the zone mn € [158, 173] GeV 
has been excluded from the Tevatron analysis [l^. Lat- 
est results from ATLAS and CMS experiments at LHC- 
CERN j2fl||, when combined, practically exclude the re- 
gion [145,466] GeV. Thus, the most probable scenario 
for a light Higgs field, compatible with existing exper- 
imental data and the above analysis, is 114.5 GeV < 
mn < 145 GeV. According to the Standard Model, in 
this range of the Higgs mass parameter, the decay of 
Higgs into a pair of opposite charged gauge bosons starts 
to increase rapidly [16'], dominating for mn > 140 GeV 
over the other channels. This partly justifies the use of 
the simplified model considered here, which takes into 
account the interaction of the Higgs field with the gauge 
bosons while neglecting all fermion couplings. 

Concluding remarks. We have employed a multiple 
scale perturbative scheme to analyze the classical SU(2)- 
Higgs dynamics, taking into account the nonlinear terms 
in the corresponding equations of motion. This approach 
enables a consistent treatment of the secular terms occur- 
ring at higher orders of the classical perturbation theory. 
Using a suitable representation for the gauge field, the 
equations of motion of the complete SU(2)-Higgs model 
simplify significantly and are reduced, depending on the 
magnitude of the Higgs field amplitude, either to a sin- 
gle NLS equation (weak Higgs field, cx eA) or to a set 
of two coupled NLS equations (strong Higgs field, cx A 
- see Appendix) . These equations admit nonlinear plane 
wave solutions, with an amplitude-dependent dispersion 
relation, in contrast to the ones usually used for the quan- 
tization of the model. The relevance of nonlinear wave 
solutions for the field quantization has been recently dis- 
cussed in Ref. J2l| . These plane wave solutions are stable 
for a range of Higgs mass values and only in the case of a 
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weak Higgs field. On the other hand, for a strong Higgs 
field the nonlinear plane waves are unstable for all pa- 
rameter values. Thus, the classical stability analysis of 
the nonlinear solutions of the reduced SU(2)-Higgs evo- 
lution equations provides bounds in the characteristics 
(amplitude, mass) of the Higgs field, which could be of 
relevance for the running experimental studies. Finally, 
one should notice that the dynamics of the coupled NLS 
equations occurring in the case of a strong Higgs field 
(see Appendix) require a more extensive analysis in or- 
der to explore also other solutions which could be relevant 
for the dynamical description of the SU(2)-Higgs model. 
This is an interesting direction for future studies. 

Acknowledgments. We thank P. G. Kevrekidis for ex- 
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Appendix A: The case of strong Higgs field 
amplitude 

Here we study the case where the expansion of the 
Higgs field in powers of e starts from the first order, i.e., 
the case when the ratio of the Higgs to the gauge bo- 
son field amplitude is larger. This way, we consider the 
following asymptotic expansion of H: 



where the coefficients gij €E {1,2}) are given by 



(Al) 



and keep all other expressions in Eq. ([5]) the same as in 
the preceding analysis. Then Eqs. (H])-© for the gauge 
and Higgs fields are modified and their form, containing 
all contributions up to O(e^), is: 

2 2 

ia + m\)A+^HA+^H^A + 2g^A^ = 0{e^), (A2) 



(□ + m]j)H + \H\H + iv) + ^^^{v + H) = 0{e^). 



(A3) 



The perturbative treatment of Eqs. (IA2p and (IA3|) at 
each order of e leads to the the following form for the 
fields A(l) and H{1): 

A(l)-/(fi,t2,...)e"""-'* + c.c., 

i/(l) = /i(a;i,t2,...)e""""* + c.c.. (A4) 

The functions / and h satisfy two coupled NLS equations 
of the following form: 



1 



2raA 



V?/-[5ii|/P+5i2|/»P]/ = 0, 



511 = — (3 + Q(g)), gi2^ -^—0{q), 
rriA 4m^ 

921 = t^^{q): .922 = --^^g^, (A6) 



4m H ' AniH 

the parameter a{q) is given by Eq. and 9{q) = —3 + 

gV(g2_4). 

The system of equations (jASP admits plane wave solu- 
tions of the form: 

f{xi,t2) = /oexp[-i(iu/t2 - kfXi)], 

h{xi,t2) = /ioexp[-i(w,it2 - khXi)], (A7) 

where the frequencies ujf,ujh satisfy the following disper- 
sion relations: 



2mA 



2mH 



'5ii|/oP+5i2|/io|' 



g2l|/oP + 922\hQ\ 



(A8) 



idt.h + ^Ih - [.g2i|/|' + 922\h\^]h = 0, (A5) 

Zmn 



In order to investigate the stability of the solutions (|A7[) 
on top of a static background, i.e., kf = kh = 0, we 
introduce small perturbations of the form: 

Sf = {ui + ivi) exp[-i{{Q + L0f )t2 ~ Qxi)], 

Sh = (u2 -I- iv2) exp[-i((f7 + ujh)t2 ~ Qxi)], (A9) 

where the perturbation amplitudes Ui, Vi {i — 1,2) are 
assumed to be real, while fi, Q denote the energy and the 
momentum of the perturbations, respectively. Applying 
again the method used above for the weaker Higgs field, 
we require that the small variations (|A9|) do not diverge 
with time. This is satisfied if the roots of the bi-quadratic 
equation: 

n*-bn^ + c = 0, (AlO) 
are real. The coefficients b and c read: 
b = PHbH + PAbA, 

c = pHPAbnbA - 4:PHPA\fa\^\hQf 912921, (All) 

where ph = Q^/2m/f, pA = Q'^ /2mA, bn = Ph + 
2<722|/ioP, and 6^ = Pa + 2gii|/op. Real roots of (EIOl) 
imply 6 > and c > 0, leading to the following stability 
conditions: 

511522 - 512521 > 0, 522 > 0, 511 > 0. (A12) 

For the coefficients gij [cf. Eq. (jA6|) ] there are no values 
of q satisfying the first two inequalities. Thus, according 
to this analysis, for a stronger Higgs field, plane wave 
solutions are unstable. 
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